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ISOMETRIES BETWEEN FUNCTION SPACES

KRZYSZTOF JAROSZ AND VIJAY D. PATHAK

ABSTRACT. Surjective isometiies between some classical function spaces are
investigated. We give a simple technical scheme which verifies whether any
such isometry is given by a homeomorphism between corresponding Hausdorff
compact spaces. In particular the answer is positive for the C!(X), AC[0,1],
Lip, (X) and lip, (X) spaces provided with various natural norms.

1. Introduction. Let A and B be Banach spaces. By an isometry from A onto
B we mean a linear, norm preserving and surjective map between these Banach
spaces. The isometries of most of the well-known Banach spaces have been de-
scribed. The classical Banach-Stone theorem states that any isometry from C(X)
onto C(Y) is induced by a homeomorphism of ¥ and X. This result has been
extended to various other Banach spaces by Nagasawa for function algebras [16];
by Amir [1], Cambern [3] and Cengiz [7] for regular subspaces; by Cambern and
Pathak [5], Pathak [17] and Pathak and Vasavada [19] for spaces of differentiable
functions; by de Leeuw [15] and Roy [21] for Lipschitz functions; by Pathak [18],
Vasavada [22] and Rao and Roy [20] for absolutely continuous functions and by
many other authors. In all the above-mentioned papers the following situation was
considered.

Let A be a subspace of a Banach space C(X), which separates points of X, and
let T4 be a linear map from A into a Banach space V. We assume the complete
norm on A is given by one of the following formulas:

(M) Il = max(||flloo, I Tafl]) for f € A,
where by || - |lc We denote the usual sup-norm on C(X);

() 17l =lfllo + ITafll for f € A;

(©€) /Il = sup{|f(2)| + |Taf(2)|: z € X} for f € A4,

where, in this case, we assume that V = C(X).

For example the space C*(X), X C R, is defined by a map T: C'(X) —
C(X): Tf = f', via the formula (M), (X) or (C). The space AC[0,1] of abso-
lutely continuous functions is defined by a map T': AC[0,1] — L[0,1]: Tf = f'.
The space Lip, (X), X-metric space, 0 < a < 1, is defined by

R0
@y

Assume next that B is a subspace of C(Y'), which separates points of Y, and
that the norm on B is given by a map Tg: B — U, via the same formula as the

T: Lip, (X) — C(B(X x X\{(z,2): z € X})): Tf(z,v)
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norm of A. The question arises whether any isometry ® from A onto B is of the
canonical form

(*) (f)y) =x(y) - foply), [fEA yeYy,

where ¢ is a homeomorphism from Y onto X and x is a scalar valued function
defined on Y such that |x| = 1.

In this note we give a very simple, elementary scheme to verify the above-
mentioned problems. This scheme covers all the results we mentioned at the be-
ginning of the introduction. The results hold in both real and complex cases.

2. Definitions and notation. In this note we use the standard Banach space
terminology. We denote by extV the set of all extreme points of the closed unit
ball V; of the space V; by V* we denote the space of all continuous linear forms
on V. If A is a subspace of C(X) then we identify a point z of X with a linear
functional 6, on A defined by A > f+— f(z). By S we denote the set of all scalars
of modulus one. In this paper, if we do not specify the set of scalars, we mean that
the result holds both in the real and in the complex case.

Let A be a normed subspace of a Banach space C(W), both with the usual sup-
norm. By a standard result [8, vol. 1, p. 441] every extreme point of A% is of the
form Aé,,, where w € W and |A| = 1.

Note that if the norm on A is defined by the formula (M) then there is an
isometric embedding A > f — feAc C(W), where W = X U V}*, defined by

f(z) = f(z), z€X,
f*) =v*(Taf), v eV
Hence any extreme point of A7 is of the form
fr—af(z), whereze X and a € S,

or of the form
f— FoTs(f), where FeextV".

If the norm on A is defined by (X) then amap A>3 f+— f € A C C(X x V})
defined by

f(z,v") = f(z) +0"(Taf),  (z,0") € X x VT,
is an isometry. Hence any extreme point of A7 is of the form
fraf(z)+ FoTa(f), whereze X, FeextV, a€S.
If the norm on A is defined by (C) then a suitable choice is W = X x S and
flz,A) = f(z) + AM(Taf)(z), z€X, A€S.
Hence any extreme point of A} is given by

[ af(z) + BTaf (),

wherez € X, o, € S.

Let A be a subspace of a space C(X), X compact Hausdorff space. We say that
A is an M-subspace of X, X-subspace of X or C-subspace of X if there is a Banach
space V and a linear map T4: A — V such that

(1) the norm on A is given by the formula (M), (X) or (C), respectively,
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(2) for any z;,z9 € X, functionals 6;, and 6, are linearly independent,
and if the corresponding assumptions listed below are satisfied:

(Bm) Xo ={z € X: 6; € ext A*} is a dense subset of X,

(3g) there is an Fy in ext V* such that

Xo={r€X;Va€S, b +aFyoTs €extA*}

is a dense subset of X,

(Bc) Xo={z€X:Va,B €S, ab; + fé;0Ta € ext A*} is a dense subset of X;

(4g) if @b, + Fo Ty = o6y + B'F' o T4, where F,F' € extV*, z,2' € X,
ab, + FoTy € ext A* and o, §' are scalars then z = 7’ and o = o,

(4c) f @bz +6;0T4 = 0’6y + '65 0Ty, where z,2' € X, @y +6;0T4 € ext A*
and o/, 8 are scalars, then z =z’ and o = ¢'.

3. The results.

THEOREM 1. Let A and B be M-subspaces of C(X) and C(Y'), respectively.
Put Xo={z€X: 6, cextA*}, X ={ab;: 2 € Xp,a €S}, Yo={y€Y:§, €
ext B*}, Y = {aby:y € Yo,a € S}. Then an isometry ® from A onto B is
canonical, of the form (%) if and only if <I>*(}7) =X.

The assumption of the above theorem, that ®*(Y) = X, looks very strong and
so the theorem seems to be almost trivial, and as a matter of fact it is true, but the
advantage of this statement is that for all the classical function spaces, with M-
norm, this strong assumption can be easily verified. The method of verifying this,
as we show in the next article, is the following. We define a property P concerning
the points of A* (B*) such that F € A* (G € B*) has this property if and only if
FeX (Ge f’). This property is defined by the weak-* topology of A* (B*), the
norms of A and A* (B and B*) and the linear structures of these Banach spaces.
The map ®* is a weak-* homeomorphism and a norm isometry from B* onto A* so
G € B* has the P property if and only if F = ®*(G) € A* has the same property
and hence we get @‘(f’) = X. A similar remark concerns the next theorems also.

PROOF. The “only if” part of Theorem 1 is trivial.

Assume that ®*(Y) = X. Then there are two functions p;: ¥ — X, and
P2 Y — S such that

®*(A6y) = p2(My) Oy, (ry) for AG, €Y.

For any y € Y and A1, A2 € S functionals A;6, and A26, are proportional. Hence
0p,(21,y) and b8y, (a,,y) are also proportional and this means that p;(A;,y) =
©1(A2,y). So ¢; does not depend on the first coordinate and, by linearity of
®*, the map ¢, is linear with respect to A\. We get

(1) D% (Ay) = Ap2(y)by, (y) for A6y € Y.

Since ®* is a weak-* homeomorphism of ext B* onto ext A* as well as a home-
omorphism of the closures of these sets, and moreover the weak-* topologies of
{6z: € X} C A* and {6,: y € Y} C B* coincide with the original topologies of
X and Y, the map (o1, p2): Y — X can be extended to a homeomorphism (eyx)
from Y = S x Y onto X = S x X. Hence from (1) we get (x) and we are done.
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THEOREM 2. Let A and B be X-subspaces of C(X) and C(Y), respectively.
Then an isometry ® from A onto B is canonical, of the form (), if and only if for
any a6y, + G; 0 Tp € ext B*, 1 = 1,2, the following two implications hold:

(a) y1 = y2 iff 21 = 22 and

(b) G10Tp and Ga0Tg are proportional iff F; oT4 and Fy0T,4 are proportional,
here by x; and F; we denote the elements of X and ext V™, respectively, such that
®*(a;6y, + Gi 0 Tg) = Pibs, + Fi 0 Ty, for some scalars B;, i = 1,2.

PROOF. As before the “only if” part is trivial. To prove the “if” part assume
that an isometry ®: A — B satisfies our assumptions. Hence there are functions
©1, p2 and 3 defined on the set ext B* C S X Y x extU*, with values in X, S
and ext V*, respectively, such that

(2) o* (aé‘y + Go TB) = 902(0" Y, G)‘Spl(a,y,G) + go;:,(a,y,G) o TA
for aby + G oTg € ext B*.

By the assumption (a) the function ; does not depend on o and G and we write
©1(y) in place of p1(a,y,G). By (b) the map p3 is of the form p3(a,y,G) =
Y(, y)pa(G) where p4(G) € ext V* and 9 has values in S.

By the same argument as in the proof of Theorem 1 the map ¢; can be extended
to a homeomorphism ¢ from Y onto X. So to end the proof we have to show that
®* maps ady onto p2(a,y, G)dy(y)-

For any H = ady + G o T € ext B* we define

Qp(H) ={d'6, + BGoTg € ext B*: ¢/, f' € S}.

By our assumptions we have Qp(H) = Q4(®*(H)) for any H € ext B*. Let Gg
and Yy be as in assumption (3g) for the space B. Notice that for any y € Yp
the set Qp(6y + Go o Tg) is homeomorphic to S x S. Hence, by (2), the set
Qa(p2(1,9,Go)by, (v) + ¥(1,¥)p4(Go)) is also homeomorphic to S x S and so

aby, (y) + Bpa(Go) Eext A forally €Yy, a,B€S.

Hence we have Xy = ©;(Yp) and we can put Fy = ©4(Gp) in our assumption (3x).
Notice that for any vector space E, for any functionals e}, €5 on E and for any
e € E we have

card({|ae}(e) + Bes(e)]: o, 5 € S}) =1 iff ej(e)-e3(e) =0.
Hence for any f € A and any y € Yy we have the following implications:
flp1(y)) =0 or FooTa(f)=0 iff
card({IH(f)|: H e QA(6¢,1(!,) +FgoTa)}) =1 iff
card({|H(®(f))|: H € Qp(6y + GooTp)}) =1 iff
®(f)(y) =0 or GooTgs(®(f))=0.

This means that the union of kerd,, () and ker Fp o T4 is equal to the union of
ker ®*(6,) and ker ®*(Go o Tg). By the assumption (4x) functionals é,, () and
Fy 0 T4 are linearly independent so the above proves that for any y € Yy we have
two possibilities.
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(i) @*(6y) = X(¥)bp, (y) and @*(Gop © Tg) = x'(y)Fo 0 T4 or

(ii) ®*(8y) = x'(y)Fo 0 Ta and ®*(Go o Tg) = x(y)dp, (4)>
where x and x’ are scalar valued functions.

On the other hand by our assumption (b) we have

®*({ady + fGooTp:y€Y, 0,3 € S}) ={ab; + BFpoTs:z€ X,0,f € S}.

This shows that the second possibility does not hold for any y € Y (except in the
trivial case when card(Y') = 1); so to end the proof of (*) it is sufficient to notice
that by (i), (2) and by the assumption (45) we have |x| = |p2| = 1.

THEOREM 3. Let A and B be C-subspaces of C(X) and C(Y), respectively.
Then an isometry ® from A onto B is canonical, of the form (x), if and only if the
following two conditions hold:

(a) for any a;by, + Biby, o Tp € ext B*, i = 1,2, we have y; = y2 iff 2, = 72,
where by z; we denote an element of X such that

<I>‘(a,-6y,. + :Biéy.‘ 0 TB) = aiézi + ﬂgé-‘tz 0Ty,

for some scalars o, B}, 1 =1,2;
(b) @*({ady: yeY,ae S})N{ab;0Ta: z€ X,0 € S} =0.

PROOF. The “only if” part is again trivial. Assume that ® satisfies assumptions
(a) and (b). Following what is by now a standard argument we get a homeomor-
phism ¢ from Y onto X and scalar valued functions ¢, and ¢3 defined on SxSxY,
with [p2]| =1 = |p3] such that

(3) ®*(aby + 86y 0 Tp) = pa(e, B,Y)0p(y) + P3(a, B, Y) - p(y) © Ta,
where y € Y and o, 3 € S. For any H = ad; + B6; 0 T4 € ext A* we define
Nu(H)={d'6; + 60Ty €Eext A*: a,f € S}.

As in the proof of the preceding theorem we show that for any y € Y we have two
possibilities:

(i) ®*(6y) = x(¥)bp(y)y and @ (6, 0TB) = X'(y) - bp(y)©Ta or

(ii) ®*(8y) = X' (¥)0p(y) ©Ta and ®*(8, 0 TB) = Xx(¥)bp(y)-

By the assumption (b) the second possibility never holds; by (4¢) we then get
Ix| = |p2| =1 and we are done.

To verify the assumptions of our schemes, given by Theorems 1-3, it is usually
necessary to have at least partial description of the extreme functionals in the unit
ball of the dual spaces. Hence in some cases it is easier to apply the following
theorem, which is an immediate consequence of the Theorem of [12].

THEOREM 4. Let A be a complex subspace of C(X), X compact Hausdorff
space, such that

(i) A ©s sup-norm dense in C(X),
(ii) the norm on A i3 given by a map Ta: A — Vg, via the formula (M) or (¥),
(iii) A contains the constant function 1 and T4(1) = 0.
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Assume next that B is a complex subspace of C(Y') which satisfies the analogous
assumptions (i)-(iii). Then any isometry ® from A onto B, such that ®(1) =1 is
of the form

®(f)=fop for fE€A,

where © s a homeomorphism from'Y onto X.

4. Examples.

EXAMPLE 1. Let A = C!(X) and B = C(Y) be algebras of continuously
differentiable functions defined on the compact subsets X and Y of the real line,
respectively. We do not assume here that the sets X and Y do not contain isolated
points but we understand that the derivative of a function f € C!(X) is defined
only on the set of nonisolated points of X. Assume that the norms on A and B are
given by the formula (M); this means

I/l = max(l|flloo, I /'lec),  f € A(B).

We prove that A is an M-subspace of C(X). The first two assumptions of the
definition of M-subspace are evidently fulfilled. To show the last one notice that
for any zg € X there is an f € C*(X) such that ||f|| = [|flloo = f(z0) =1 > || f'lloo
and such that |f(z)| < 1 for z € X\{z¢}. Hence for any zo € X the functional 6.,
is an extreme point of A7, so Xo = X. Notice also that for any ¢ € X there is a
g € C1(X) such that ||g]| = [|¢'llcc = ¢'(z0) =1 > ||g|lcc and such that |¢'(z)| < 1
for z € X\{zo}. Hence

(4) ext A* ={ab;: € X, € S}U{ab,: z€ X,a € S},

where by 6; we denote a functional defined by 6;(f) = 6z o D(f) = f'(z).
Now let ® be any isometry from A onto B. We prove that ®*(Y) = X. To this
end we define the following property concerning points of A* (B*).

F € A* has the P-property iff F € ext A* and there is a G in
ext A*, not proportional to F, such that for any weak-* open neigh-
borhood U C ext A* of G and any f € A C A** we have: if fly =0
then F(f) =0.

We check that F' € A* has the P-property if and only if F' € ext A"‘\f( . Fix any
point 2o € X and put F' = o, with o € S. By (4) F € ext A* and for any weak-*
open neighborhood U C ext A* of the functional 6, and for any f € A we have

flu =0= f =0 on an open neighborhood of zg
= f'(z0) = 0.

Hence any element of ext A*\f( has the P-property.

Now fix again 1o € X and put F = ad,,. Let G € ext A*\{yF: v € S}. By (4)
we have two possibilities: 1. G = B6;,, 1 # 7o or 2. G = (6, . If the first one
holds then we put U = {6;: |z — z1| < |zo — z1|/2,7v € S}; evidently there is an f
in A C A** such that f|y =0 and f(zo) = 1. If the second possibility holds we put
U={v6,: z€ X,v€ S} and put f = 1. Hence F' does not have the P-property.

We have proved that F € A* has the P-property if and only if F € ext A*\X.
This property is defined by the weak-* topology of A*, and the norm and the linear
structure of A*; this means by the properties which are preserved by ®*. Hence
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F = ®*(G) € A* has this property if and only if G € B* has, and this proves that
(V) =X.

By Theorem 1 we now get that any isometry ® from C!(X) onto C*(Y) is of
the form

(f)y)=xy) - f-ply) for fEA yeY,

where x € C!}(X), |x| = 1 and ¢ is a homeomorphism from Y onto X. It is
also easy to verify now that since ® preserves both M-norm and sup-norm, it also
preserves the sup-norm of the derivative and hence we get |¢'| = 1.

We have assumed at the beginning of this example that the sets X and Y are
compact. In fact this assumption is not essential and the same holds for arbitrary
subsets of the real line not necessarily bounded and closed. We then consider A as
a subset of C(6X) and the proof is slightly more technical.

The general form of the isometries of complex C!(X) spaces, defined on a com-
pact subset X of the real line, without isolated points, was investigated by Pathak
and Vasavada [19].

EXAMPLE 2. Let A = AC(X) be the space of all absolutely continuous, scalar
valued functions defined on a compact subset X of the real line, such that X = int X.
We define norm on A by

I/l = max([|flleo, /'ll1) ~for f € 4,

where [|f'[l1 = [y |f/|dm and m is the Lebesgue measure.

As in the preceding example it is easy to notice that for any zo € X there
is an f € A such that ||f]| = ||flloc = f(zo) =1 > [If'|1 and |f(z)| < 1 for
z € X\{zo}. Hence Xp = X and A is an M-subspace of C(X). Notice also that
for any F € ext(L!(m))* = ext(L>°(m)) and a function f € AC(X) defined by

0= o T im) - 0 [ F@dm(a)

we have ||f|| = 1, || flloo < 3 and for any G € ext(L>®) = ext(L!)
G(f) :=/ Gfldm=1 fG=F
b

This means that the function f € A C C(X Uext(L*)) peaks exactly at the point
F € ext(L), so any such point F' is an extreme point of A* and we have

ext A* = {ab;: z€ X,a € S}U{FoD: F €ext(L®)},

where D: AC(X) — L! is defined by D(f) = f'.

By Theorem 1 to prove that any isometry ® from AC(X) onto AC(Y') is canonical
we have to, as before, define the set X = {af, € ext A*: z € X,a € S} by the
weak-* topology of A* and the norms and the linear structures of A and A*. We
have

F € X iff F € ext A* and there is a weak-* open neighborhood of
F in ext A* which is homeomorphic to a subset of S x R, R the
real line.
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EXAMPLE 3. If X is any compact metric space with metric d we let

o e = s M@ = 1)
Lipa(X) = { f € C(X): [|flla= = :;epy T de(zy
zFY

e @) - 1)
. . . z)—J\Y
lipa (X) = Lipo(X): 1 - =
a(X) = {7 € Lipa(x):  tim LIS o},
both provided with the M-norm; this means with the norm defined by

/1l = max(ll fllo, | flla=)-

As before it is easy to check that both Lip, (X) and lips (X) are M-subspaces of
C(X). Therefore to prove that any isometry from Lip,(X) onto Lip,(Y) or from
lipa (X) onto lip,(Y') is canonical we have to define a property which “separates”
X = {ab,: z € X,a € S} from the rest of the extreme points of the unit ball of
(Lipo (X))* or (lipe(X))*. We have

F € ext A*\X iff F € ext A* and there are sequences (F')%; and
(F7)2, such that (F' — F3')/||FT* — F3| tends to F in the norm
topology.

The isometries of the complex Lip,(X) spaces with the above M-norm were
considered by Roy [21], when X is connected with diameter at most 1, and by
Vasavada (22|, when X satisfies certain separation conditions. A similar space
defined on the real line was investigated by de Leeuw [15].

EXAMPLE 4. Let A = C'(X) and B = C!(Y) be the same vector spaces as in
Example 1 but now with the ¥-norm; this means with the norm given by

1Al =1flloo + 1f'lcs [ € A(B).

To prove that A is a X-subspace of C(X) it is sufficient to notice that for any
Ty # 22 in X and any o, B € S there is an f in A such that || f|| =1, f(z1) = @/2,
|f(z)] < § for z # zy, f'(z2) = B/2 and |f'(z)| < § for = # z5. Hence

{abs+BbyoD:z#y€X, a,0 €S} CextA*.

Now let ® be any isometry from A onto B. To prove that ® is canonical, by
Theorem 2, we have to show that the assumptions (a) and (b) of this theorem are
satisfied. To see this we define two equivalence relations ~; and ~2 on ext A* by
the following formulas:

(5) 016z, + F1oD ~y agb;, + Foo D iff z; =29
and
(6) @bz, + F1 oD ~g agby, + Fo0D iff FyoD and F; 0 D are proportional.

To verify (a) and (b) we just have to prove that the map ®* preserves both the above
relations. We prove this by defining ~; and ~; in terms of the weak-* topology
of A*, the norms and the linear structures of A and A*, so in the terms which are
preserved by ®*. To this end we notice that a sequence (an 6z, + Bnby, 0 D)5>; C
ext A* tends to apéz, + Body, © D in the weak-* topology iff oy, — ap, Bn — Do,
Zn, — Zo and y, — yo; and in the norm topology iff an, — ao, Bn — Bo, Tn — To
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and y,, = yo for all but finitely many n. We have

F ~; G iff there are sequences (F,)5%; and (G,)$2, in ext A*
which tend, in the norm topology, to F and G, respectively and
there is a scalar o such that dim(span{F,: n = 1,2,...}) = o0
and F,, + aG, = F + oG for all n € N.

We also have

F ~5 G iff there are sequences (F,)32; and (G,)2, in ext A*
which tend to F and G respectively, in the weak-* topology, but
do not tend in the norm topology, and there is a scalar a such that
F, + oG, = F + aG for all n € N.

The isometries of the complex C![0,1] space with the above ¥-norm were de-
scribed by Rao and Roy [20].

EXAMPLE 5. Let A = AC|0, 1] be the spaces of all complex absolutely contin-
uous functions defined on the unit interval with the X-norm; this means with the
norm given by

1A =1 loo + 1/ My f €A

As we noticed in §2 any extreme functional on A is of the form
7 Aafﬁﬁﬂﬂlaﬂn+/iﬂfdm

where £ € X, a € S, m is the Lebesgue measure and F is an extreme point of
(L')*, which we identify with a function F' € L*™ such that |F| = 1 a.e. To prove
that A is a X-subspace of C[0, 1] we have to show that there is an Fy in ext(L*)
such that for any z € X and any o € S the corresponding functional defined by (7)
is an extreme point of A}. To this end let K be a measurable subset of [0, 1] such
that for any open subset U of [0,1] we have 0 < m(K NU) < m(U). By Lemma
2.1 of [20] the desired function Fy can be defined by

Fm_{l ift e K,
T -1 iftg K.

To prove that any isometry from A onto itself is canonical we have to, as in the
previous example, describe the equivalence relations defined by (5) and (6) by the
weak-* topology of A*, the norms and the linear structures of A and A*. To this
end notice that a sequence (ané;, + F, 0 D)3, C ext A* tends to aé, + F o D in
the weak-* topology iff o, — a, ,, — z and F;, tends to F in the weak-* topology
of L*°; and in the norm topology iff @, — a, z, = z for all but finitely many
n€ N and ||F, — F|| — 0.

By Lemma 2.1 of [20] we have

F ~, G iff F and G are contained in the same connected com-

ponent of the set ext A* equipped with the norm topology,
and

F ~5 G iff there are sequences (F,)3%, and (G,)32, in ext A*

n=1 n=1

which tend, in the norm topology, to F' and G, respectively and
a scalar a such that dim(span{F,: n =1,2,...}) = oo and F, +
aG, = F 4+ aG for all n € N.
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The isometries of the spaces AC[0, 1] have been described by Cambern (3] and
by Rao and Roy [20].

EXAMPLE 6. Let A = C!(X) and B = C(Y) be as in Example 1 but now with
the C-norm; this means with the norm given by

I/l = sup{lf ()] + |/ (z)|: = € X}

In order for | - || to be a well-defined norm we have to assume now that X and Y
do not contain isolated points.
As before, it is standard to verify (see [5, Lemma 2], for the complex case) that

ext A* ={ab; +Bé,0oD:z€ X,a,3 € S}.

Hence A and B are C-subspaces of C(X) and C(Y), respectively. To prove that
any isometry from A onto B is canonical we have to check whether assumptions
(a) and (b) of Theorem 3 are satisfied. To this end we describe the equivalence
relation on ext A* defined by

aby + 60D ~0o'by + 60D iff z=1

in terms of the weak-* topology of A*, the norms and the linear structures of A
and A*, and we also “separate” the set {aé, € A*: ¢ € X,a € S} from the set
{aby oD € A*: z € X, € S} by the same properties, which are preserved by ®*.
We have

F ~ G iff F and G are contained in the same connected component
of the set ext A*, equipped with the norm topology.

We also have

Fe{ob;: z€X,00€ S} iff {aF: a € S} is an open subset of the
set {ab;: z€ X,a € S}U{ab,oD: z € X,a € S}, equipped with
the norm topology.

The isometries of the complex C!(X) spaces with the C-norm have first been
considered by Cambern (3] for X = [0, 1] and then by Cambern and Pathak [5] for
X any compact subset of the real line, without isolated points.

REMARK. Following the same arguments as given in Examples 1, 4, 6 it can be
shown that for a much wider class of C*(K)-type algebras, with M-, - or C-norm,
any isometry is canonical. For example let K be a compact subset of the complex
plane with connected complement. Let A(K) C C(K) be the sup-norm closure of
the space of all polynomials and put

AN(K) ={f € A(K): D(f) = f' € A(K)}.

It can be proved that A'(K) gives M-, ¥- and C-subspaces of C(0K), where 0K
is the topological boundary of K, and that all the assumptions of Theorems 1, 2
and 3 are satisfied for A = A(K), B = A!(L). Hence any M-, £- or C-isometry
® from A!(K) onto A!(L) is of the form

f(2) =x(2) - fop(z), [feA'(K), z€L,

where ¢ is an analytic homeomorphism from L onto K, with |¢'| =1 and x €
AY(K), with |x| = 1.
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EXAMPLE 7. Let X be a compact subset of the real line. For 1 < p < oo we
define
ACP(X) ={f € C(X): [ exists a.e., f' € LP(X)}

and we define a norm on ACP(X) by

1= 11flloo + 1 llp-

For p =1 (resp. 0o) we get the space AC(X) (resp. Lip(X)). Rao and Roy [20]
proved that any isometry from the complex AC? ([0, 1]) space, p = 1 or 0o, onto itself
is canonical (cf. Example 5) and asked whether the same holds for 1 < p < 0o. The
answer is positive and is a consequence of the following more general proposition.

PROPOSITION. Let A be a complex subspace of C(X), X compact Hausdorff
space, such that

(i) A is sup-norm dense in C(X),
(ii) the norm on A is given by a map Ta: A — V4, via the formula (X),
(iii) A contains the constant function 1 and T4(1) =0,
(iv) dim(Ta(A4)) 2 2,
(v) V 1is strictly convez,
(iv) for any unimodular function x € A such that T4(x) =0 a map

A>f— f/xeA

18 a well-defined surjective isometry.

Assume nezt that B i3 a complex subspace of C(Y), Y compact Hausdorff, which
also satisfies assumptions (1)—(vi). Then any isometry ® from A onto B is of the
form

®(f)=x-fop, [fEA,
where © s a homeomorphism from'Y onto X and x € B s a unimodular function
on'Y such that Tp(x) =0.

PROOF OF THE PROPOSITION. By Theorem 4 and by our assumption (vi) it is
sufficient to prove that ®(1) is a unimodular function on Y such that Ts(®(1)) = 0.

We say that an element g of A has the P-property if ||g|| = 1 and if for any f in
A there is a 8 € S such that

llg + 851l = llgll + I £1-

It is evident that this property is preserved by our isometry ®. By the definition
of the norm on A for any f € A and § € S such that || f|lc = sup.ex Re(8f(z))
we have

1L+ Bfll =11+ Bflleo + ITANN = L+ [Iflloo + I Ta(HIl = 1+ [I7]]-

Hence to end the proof we have to show that if g € A has the property P then g is
a unimodular function on X such that T4(g) = 0.
We first prove that |g| = ¢ on X for some constant ¢, then we prove that T4(g) =
0 and then from the definition of the norm on A we get ¢ = ||g||loo = |l9|| = 1.
Assume that there is an 1o € X such that |g(zo)| < ||g||cc- By assumption (i)
there is an f in A such that

I/ lleo = llglloo = I9(20)l
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and
17(2)] < l9lloo = 19(2)] + 5 (llglloo — lg(z0)]) for z € X.
For any B € S we have

lg + Bflleo < llglloo + 11 flloos

SO
lg+ 811 = llg + Bfllco + ITalg + B
< llglloo + 3l flloo + ITa(@ + ITa ()]

= llgll + If1 = 3l flloo < 1+ [I£1I-

Hence |g| = const. Assume now that T4(g) # 0; by assumption (iv) there is an f
in A such that T4(f) and T4(g) are not proportional. Since V4 is strictly convex
for any h, h' in V4 we have

|+ A'|| = ||k|| + ||k|| iff h and k' are proportional
and hence for any § € S we get

lg+Bfll =g+ Bflloo + ITalg + Bl
< lglloo + I flloo + ITa(@Il + ITa(NIl = 1+ I f].

Hence T4(g) = 0 and we are done.

EXAMPLE 8. Let X be a compact metric space, with metric d and let Lip, (X),
lipo (X) be defined as in Example 3, but now with the ¥-norm; this is with the
norm defined by

1A= 1l flloo + I1.f llda-

Rao and Roy [20] proved that any isometry from the complex Lip; [0, 1] onto
itself is canonical and asked whether the same holds in general. To answer this
question let X, Y be compact metric spaces, let A be equal to a complex Lip, (X)
or lip, (X) space and let B be equal to a complex Lip,:(Y) or lip,/(Y') space. We
prove that any isometry ® from A onto B is canonical and hence of the form

Of(y) =cfop(y), feA yey,

where |c¢| =1 and @ is an isometry from Y onto X. To this end, by Theorem 4, it
is sufficient to prove that for any such isometry ®, ®(1) = x is a constant function

of norm one.
Put
y:ﬂ(YxY—{(y,y)er}),

define T: B — C(Y) by
9(y1) — 9(y2)
d*’ (yla y?)
and for any g € B let us denote by g an element of C(Y x Y x S) defined by

d(y,w, B) = g(y) + BTg(w).

As we noticed in the introduction the map g — ¢ is an isometric embedding from
Bonto BC C(Y x Y x S) and any element G of ext B* is of the form

Tg(y1,y2) =

G(9) = v4(y,w, B) = v9(y) + 16T g(w).
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Fix (yo,wo, B0) € Y xwx S and let 1 be any norm one measure on Y x Y x S which
represents, on B, evaluation at the point (yo, Yo, 080). Considering any function
go € B which peaks exactly at the point yp it is easy to notice that u is concentrated
on the set {yo} X ¥ x S and that for any 0 < ¥ < 27 a measure puy defined on
Y xY xS by 4

Mﬂ(E) = u({(y)waﬂ): (yawaeu’ﬂ) € E})

represents, on B, the functional of the evaluation at the point (yo,wo,e‘i"ﬂ°).
Hence we can define a map Wy: ext B* — ext B* by

V(W) =71 (0w, 7).

For any F € ext A* we have |F(1)| = 1, hence for any G € ext B* we also have
|G(x)] =1. Let G = éy + 6, o T € ext B*. For any 0 < ¥ < 27 we have

1= ¥5(G) ()| = x(y) + € BT (X))l

hence for any such G we have two possibilities:
x(y) =0 and |T(x)(w)|=1
or

Ix(y)l =1 and T(x)(w)=0.

Since 1 = ||x|| = |Ixlloo + IT(X)|lco We get that the second possibility always holds,
this means that T'(x) = 0 and we are done.

5. Beside the extensions of the surjective Banach-Stone theorem for various
function spaces many authors also considered injective isometries between classical
Banach spaces (see for example (2, 9, 10, 11, 13]) and isomorphisms with a small
bound (see [1, 2, 4, 6, 7, 11, 13, 19]). These problems in general seem to be
much harder and the authors do not know whether the similar general schemes can
be produced. The following example shows however that even for a very simple
function space an injective isometry may be “very uncanonical.” Let A be equal to
C*[0, 1] with the M-norm. Let ¢ be a continuous map from [0, 1] onto A} equipped
with the weak-* topology. We define ®: A — A by

3(f)(t) = /0 o()(f) de.

On the other hand, if we assume that the injective isometry from the above space
A into itself preserves the constant function then it is automatically surjective and
of the canonical form. This can be proven exactly by the same arguments as used
in [12].
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